Abstract. In this paper we study a Riemannian metric on the tangent bundle T (M ) of a Riemannian manifold M which generalizes Sasaki metric and Cheeger-Gromoll metric and a compatible almost complex structure which confers a structure of locally conformal almost Kählerian manifold to T (M ) together with the metric. This is the natural generalization of the well known almost Kählerian structure on T (M ). We found conditions under which T (M ) is almost Kählerian, locally conformal Kählerian or Kählerian or when T (M ) has constant sectional curvature or constant scalar curvature. Then we will restrict to the unit tangent bundle and we find an isometry with the tangent sphere bundle (not necessary unitary) endowed with the restriction of the Sasaki metric from T (M ). Moreover, we found that this map preserves also the natural contact structures obtained from the almost Hermitian ambient structures on the unit tangent bundle and the tangent sphere bundle, respectively.
History
Let (M, g) be a Riemannian manifold. On the tangent bundle T (M ) of M one can construct several Riemannian metrics by using g. Maybe the best known example is the Sasaki metric g S introduced in [23] . Although the Sasaki metric is naturally defined, it is very rigid; for example T (M ) with the Sasaki metric is never locally In this paper we study the properties of the manifold (T (M ), g a,b , J a,b ) and we will give the conditions under which it is locally conformal Kählerian and respectively Kählerian. These results extend the known result saying that T (M ) endowed with the Sasaki metric and the canonical almost complex structure is Kählerian if and only if the base manifold is locally Euclidean.
Next we look for the metrics g a,b with constant sectional curvature and constant scalar curvature, respectively on T (M ). With this aim, we compute the LeviCivita connection, the curvature tensor, the sectional curvature and the scalar curvature of this metric. We found relations between the sectional curvature (resp. scalar curvature) on T (M ) and the corresponding curvature on the base M . We give an example of metric on T (M ) of Cheeger-Gromoll type which is flat (recall that Cheeger-Gromoll metric can not have constant sectional curvature). We also obtain a locally conformal Kähler structure and a Kähler structure on T (M ). We give some examples of metrics on T (M ) (when M is a space form) having constant scalar curvature.
In Section 3 we restrict the structure on the unit tangent bundle, obtaining an almost contact metric structure. There exists a very rich literature on this topic, maybe hundreds of papers published by many authors from different countries.
